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Abstract. The description of irreducible representations of a group G can be seen as a question in harmonic analysis; namely, decomposing a suitable space of functions on G into irreducibles for the action of G × G by left and right multiplication.
For a split p-adic reductive group G over a local non-archimedean field, unramified irreducible smooth representations are in bijection with semisimple conjugacy classes in the "Langlands dual" group.
We generalize this description to an arbitrary spherical variety X of G as follows: Irreducible quotients of the "unramified" Bernstein component of C ∞ c (X) are in natural almost bijection with (a number of copies of) the quotient of a complex torus by the "little Weyl group" of X. This leads to a weak analog of results of D. Gaitsgory and D. Nadler on the Hecke module of unramified vectors, and an understanding of the phenomenon that representations "distinguished" by certain subgroups are functorial lifts. In the course of the proof, rationality properties of spherical varieties are examined and a new interpretation is given for the action, defined by F. Knop, of the Weyl group on the set of Borel orbits. This includes, but is not limited to, symmetric (fixed points of involutions of G) and horospherical varieties (varieties where the stabilizer of each point contains a maximal unipotent subgroup). The group G itself can be considered as a spherical variety under the action of G×G on the left and right, and in fact many well-known theorems for algebraic groups can be seen as special cases of more general theorems for spherical varieties under this perspective (e.g. [Kn94b] ).
3
The importance of the open orbit condition becomes apparent in the following:
Theorem (Vinberg and Kimel'feld [VK78] ). Let X be a quasi-affine G-variety over an algebraically closed field k. The space k[X] of regular functions on X, considered as a representation of G by right translations, is multiplicity-free if and only if X is spherical.
1 Our convention will be that the action of the group is on the right. 2 It is enough to assume that there exists an open Borel orbit over the algebraic closure; we show later that it will then have a point over k.
3 Notice, though, that one usually makes use of a theorem for G in order to prove its generalization to an arbitrary spherical variety; this is the case in our present work, too.
If X = H\G is quasi-affine, (which, we show in §2.1, can be assumed without serious loss in generality) the above theorem states that X is spherical if and only if (G, H) is a Gelfand pair in the category of algebraic representations.
One goal of the present work is to examine to what extent a similar result is true in the category of smooth representations of p-adic groups. Spherical varieties are ubiquitous in the theory of automorphic forms, albeit their importance has not been fully appreciated. Providing candidates for Gelfand pairs (but even, sometimes, when the Gelfand condition fails), spherical varieties play an essential role in the theory of integral representations of L-functions [PS75, GPR87] , in the relative trace formula [Ja97, La] and other areas such as explicit computations of arithmetic interest [Ca80, HiY99, Sa] . It turns out that the unramified part of the spectrum of X, where k is local non-archimedean, is always of finite multiplicity, and I have been able to express the "generic" multiplicity in terms of invariant-theoretic data associated to the spherical variety.
Hence, another goal is to establish a connection between the representation theory over p-adic fields and the rich algebro-geometric structure of spherical varieties which has been discovered in the works of Brion, Knop, Luna, Vinberg, Vust and others. This may allow to replace explicit, hands-on methods such as double coset decompositions with more elegant ones. More importantly, it leads to a fascinating general picture, which parallels results that lie at the heart of the Langlands conjectures and which I shortly describe now.
Parametrization of irreducible quotients.
The main phenomenon that the current work reveals is the local analog of a global statement of the following form, very often arising in the theory of the relative trace formula and elsewhere: "An automorphic representation π of G is a functorial lift from (a certain other group) G ′ if and only if it is distinguished by (a certain subgroup) H." Instead of explaining the global notion of being "distinguished", we describe its local analog which is the object of study here: π is distinguished by H = H(k) if it appears as a quotient of C ∞ c (X), the representation of G = G(k) on the space of smooth, compactly supported functions on X = (H\G)(k).
Recall that irreducible unramified representations of G are in "almost bijection" with semisimple conjugacy classes (≃ A * /W ) in the Langlands dual group G of G -and they can be realized as (subquotients of) unramified principal series I(χ) = Ind * is the maximal torus of the dual group, or equivalently the complex torus of unramified characters of the Borel subgroup, and W is the Weyl group; δ is the modular character of the Borel subgroup.) To each spherical variety X, Brion [Br90] associates a finite reflection group (the "little Weyl group") W X . An alternative construction by Knop [Kn94a] proves, among others, that W X ⊂ W canonically; and W X acts on the vector space a 1.2.1. Theorem.
( The space C ∞ c (X) K is a finitely-generated, torsion-free module for H X .
Moreover, we have:
Notice that the invariants A * X , W X appearing in the theorems above only depend on the open G-orbit H\G ⊂ X, although the representations considered depend on X itself.
As is usually the case with spherical varieties, one recovers classical results by considering G as a spherical G×G variety under left and right multiplication; in this case, we recover the (generic) description of irreducible unramified representations of G by semisimple conjugacy classes in its Langlands dual group, and the Satake isomorphism.
1.4. Interpretation of Knop's action. Theorem 1.2.1 comes as a corollary to an analysis that we perform and an interpretation in the context of the representation theory of p-adic groups that we give to an action 4 , defined by F. Knop [Kn95a] , of the Weyl group W on the set of Borel orbits on X. We recall the definition of it in Section 2; for now, let w Y denote the image of a B-orbit Y under the action of w ∈ W . Using standard "Mackey theory" [BZ76, Cas] I define for every B-orbit of maximal rank Y a rational family of morphisms:
given by rational continuation of a suitable integral on Y ; what was denoted by S χ in the formulation of Theorem 1.2.1 is now SX χ . (Notice that, while this form of "Mackey theory" has been used extensively in the past, it has probably never been applied in this generality, and the technical results that we collect or prove for that purpose may be of independent interest.)
Recall now that we also have the standard intertwining operators T w : I(χ) → I( w χ). The heart of the current work is the proof of the following theorem on the effect of composing the operators T w with S The rationality properties of the structure of Borel orbits on X that we examine may be of independent interest. They generalize a portion of work of Helminck and Wang on symmetric varieties [HW93] .
If the k-points of a B-orbit split into several B-orbits, we still define morphisms: C ∞ c (X) → I(χ) using Mackey theory, but the dimension of the space S Y χ of morphisms associated to an orbit of maximal rank Y is equal to the order of Γ. Theorem 1.4.1 still holds in the form T w • SX χ ∼ S wX w χ , but it is desirable to exhibit bases of the spaces S Y χ which map explicitly to each other when composed with T w . I have been able to describe such bases (whose elements are denoted by S 
Our description of unramified vectors in C ∞ c (X) leads easily to a conjectural description of a commutative subalgebra of their endomorphism algebra as an H(G, K)-module, which should be naturally isomorphic the C[δ
WX , the ring of regular functions on δ − 1 2 A * X /W X . Assume here that Γ = {1}. The precise statement of the conjecture is:
K that preserves up to a rational multiple the family of morphisms SX χ . There is a canonical isomor-
WX
In fact, it is easy to prove this conjecture in many cases:
1.6.1. Theorem. The above conjecture is true if:
(1) the unramified spectrum of X is generically multiplicity-free, in which case the geometric endomorphisms are all the endomorphisms of (C ∞ c (X)) K , or (2) the spherical variety X is "parabolically induced" from a spherical variety whose unramified spectrum is generically multiplicity-free.
1.7. Notation. We will always be working over a field of characteristic zero. By a local non-archimedean field we will mean a locally compact one (hence, with finite residue field.) A reductive group is an affine algebraic group with trivial unipotent radical; in addition, for the whole paper "reductive" will also mean (geometrically) connected. Given a scheme Y over k, we denote by Y the base change Y × spec k speck. The set of k-points will be denoted by Y or by Y(k). We generally fix a Borel subgroup B ⊂ G (with unipotent radical U) and, when necessary, a maximal torus A ⊂ B. We denote by G m , G a the multiplicative and additive group, respectively, over k, by N (•) the normalizer of •, by L(•) the Lie algebra of •, by U P the unipotent radical of a group P, and by U α the one-parameter unipotent subgroup associated to the root α of A. For any root α of A,α will denote the correponding co-root: G m → A. We use additive, exponential notation for roots and co-rootsfor example, we write a α for the value of α on a ∈ A. If Y is a B-variety with an open B-orbit, thenY denotes the open B-orbit. Given a B-variety Y, we denote by
) the set of B-semiinvariants (eigenfunctions) on the rational (resp. regular) functions on Y, and by X (Y) the corresponding group of weights (eigencharacters). Finally, the space of an one-dimensional complex character χ of a group H is denoted by C χ .
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2. Spherical varieties over algebraically closed fields 2.1. Basic notions. Let G be an algebraic group over an arbitrary field k in characteristic zero. By a G-variety (over k) we will mean a geometrically integral and separated k-scheme of finite type with a morphic action of G over k. A Gvariety X is called homogeneous if G(k) acts transitively on X(k) -then X is automatically non-singular. If X has a point over k, its stabilizer H is a subgroup over k and X ≃ H\G, the geometric quotient of G by H. Conversely, for any subgroup H the geometric quotient H\G is a homogeneous variety under the action of G. Now, let G be a reductive group over a field k. A G-variety X over k (not necessarily homogeneous) is called spherical if B (where B is a Borel subgroup of G) has a Zariski open orbit on X. This is equivalent ( [Br86] , [Vi86] ) to there being finitely many B-orbits. As a matter of convention, when we say "a B-orbit on X" we will mean "a B-orbit on X" -then one naturally has to examine questions such as whether a "B-orbit" is defined over k, which will be the object of the next section.
For the whole paper, we will assume that X is quasi-affine. This is not a really serious restriction: By [Bo91, Theorem 5.1], given a subgroup H of G there exists a finite-dimensional algebraic representation of G over k in which H is the stabilizer of a line. If H has trivial k-character group (i.e. group of homomorphisms H → G m over k), then this implies that H\G is embedded in the space of this representation and hence is quasi-affine. (Recall [Bo91, Proposition 1.8] that an orbit of an algebraic group is always locally closed.) Hence, for an arbitrary H, we may replace H by the kernel H 0 of all its k-characters and consider the quasi-affine variety H 0 \G, which is spherical for the (H/H 0 ) × G action.
From this point until the end of the present section we assume that k is algebraically closed. Given a B-orbit Y, the group of weights X (Y) of B acting on k(Y) is the character group of A/A Y , where A = B/U and A Y is the image modulo U of the stabilizer of any point y ∈ Y. The rank of X (Y) is called the rank of the orbit Y. If Y is the open orbit, we will denote A Y by A X ; the corresponding rank is the rank of the spherical variety. The rank of the open orbit is maximal among all B-orbits, as we explain below.
We recall the classification and properties of spherical subgroups H for PGL 2 . Knop defines an action of the Weyl group on the set of Borel orbits on a homogeneous spherical variety. This action is defined explicitly for simple reflections, and then it is shown that this description induces an action of the Weyl group (i.e. satisfies the braid relations). For the simple reflection w α corresponding to a simple root α it is defined as follows: Let P α denote the minimal 5 parabolic associated to α (for a fixed choice of maximal torus A ֒→ B) and let Y be a B-orbit; we will define an action of w α on the set of B-orbits contained in the P α -orbit Y · P α . Consider the quotient P α → PGL 2 = Aut(P 1 ) where P 1 = B\P α . The image of the stabilizer (P α ) y of a point y ∈ Y is a spherical subgroup of PGL 2 , and according to the classification above we say that "(Y, α) is of type G, T, N or U". (As a matter of language, we also say that "α raises Y" if Y is not open in YP α .) We define the action according to the type of that spherical subgroup:
If it is of type G, w α will stabilize the unique B-orbit in the given P α -orbit. In the case of type T, w α stabilizes the open orbit and interchanges the other two. In the case of type N, w α stabilizes both orbits. Finally, in the case of type U, w α interchanges the two orbits. Since this defines a right action in our case that the group acts on the right, we modify it to a left action by defining 
(An exponent on the right denotes "invariants". An exponent on the left denotes the action of the Weyl group. Due to our modification of the definition, the lemma is true as stated, with the left action of W on the characters.) In particular, X ( w Y) = w X (Y) for every w and the set B 00 of orbits of maximal rank is stable under the action of the Weyl group.
2.3. Parabolically induced spherical varieties. There is an "inductive" process of constructing spherical subgroups: Given a Levi subgroup L of a parabolic P ⊂ G and a spherical subgroup M of L, we can form the subgroup H = M ⋉ U P , which is a spherical subgroup of G. The structure of the B-orbits of X := H\G, relevant to the Borel orbits of M\L, has been investigated by Brion [Br01] . Each orbit Y of X can be written uniquely as Y ′ wB for w ∈ [W P \W ], where [W P \W ] denotes the set of representatives of minimal length for right cosets of W P (the 5 Although, strictly speaking, the Borel is a minimal parabolic, we will be using this term to refer to those parabolic subgroups whose Levi has semisimple rank one, as is usual in the literature.
Weyl group of L) and Y ′ a Borel orbit of X ′ := M\L. We have X (X) = X (X ′ ) and W X = W X ′ .
2.4. Non-homogeneous spherical varieties. Now we examine spherical varieties X which are not necessarily homogeneous, i.e. may have more than one G-orbit. It is known then [Kn91] that X contains a finite number of G-orbits, and that each of them is also spherical. Let Y be a G-orbit. To Y one associates [Kn91,  §2] the cone C Y (X) ⊂ Q := Hom Z (X (X), Q) spanned by the valuations induced by B-stable prime divisors which contain Y. This cone is non-trivial (more precisely [Kn91, Theorem 3.1], there exists a bijection between isomorphism classes of simple embeddings of H\G and "colored cones") and we have: We denote the standard parabolic {g|X·g =X} (the elements of G which preserve the open B-orbit) by P(X). The spherical variety X is called non-degenerate if for every root α appearing in the unipotent radical of P(X) there exists χ ∈ X (X) such that χα = 1. This implies that P(X) is the largest parabolic subgroup P such that every character in X (X) extends to a character of P(X). It is proven in [Kn94a, Lemma 3.1] that every quasi-affine variety is non-degenerate. We will need a variant of this statement which includes the character groups of smaller B-orbits: Hence the stabilizer of y in [P α , P α ] ≃ SL 2 is a Borel subgroup B SL2 and we get an embedding of the complete variety B SL 2 \SL 2 = P 1 into the quasi-affine variety X, a contradiction. Therefore (Y, α) has to be of type G.
3. Rationality properties 3.1. Homogeneous spaces. The main questions that we examine in this section have to do with whether B-orbits are defined over a non-algebraically closed field k and to what extent Knop's action makes sense on the set of k-rational B-orbits. The results will be used in the next sections to examine the unramified spectrum over p-adic fields. We start by recalling certain classical results: We use the terminology of [Bo91] , according to which a solvable k-group is "k-split" (or simply "split") if it admits a normal series over k whose successive quotients are k-isomorphic to G m or G a .
3.1.1. Theorem. Let G be an algebraic group and H a solvable algebraic subgroup. Assume that the maximal reductive quotient of H is (connected and) k-split.
(1) If X is a homogeneous H-variety then X is affine and
Proof. These are [Bo91, Theorem 15.11 and Corollary 15.7]. Notice that in characteristic zero, every unipotent group is connected and k-split, therefore we only needed to assume that the quotient of H by its unipotent radical was k-split in order to deduce that H is k-split.
3.2.
Rationality of the open orbit. From now on, assume that G is a split reductive group over a field k. This means that it has a Borel subgroup which is defined over k and k-split. Let X be a spherical G-variety (not necessarily homogeneous) over k. We assume that X is quasi-affine (cf. §2.1).
As a generalization of Theorem 3.1.1, (1), we prove:
The proposition is true in general for any quasi-affine variety X over k with a k-action of a split solvable group B over k such that B has an open orbit on X.
Proof. The first claim follows from the fact that B is split, hence all weights are defined over k, hence the (one-dimensional) eigenspaces for B onk(X) are Galois invariant and, therefore, defined over k.
For the second, notice that there is a non-zero regular B-eigenfunction which vanishes on the complement of the open B-orbit. Indeed, the space of regular functions which vanish on the complement is non-zero (because X is quasi-affine) and B-stable. As a representation of B it decomposes into the direct sum of finitedimensional ones. Let V be such a finite-dimensional component. The space of U-invariants V U (where U is the unipotent radical of B) is then non-zero, and since every finite-dimensional representation of A = B/U is completely reducible, it follows that there exists a nonzero B-eigenfunction which vanishes on the complement of the open orbit. Now, it follows from the first claim that this eigenfunction can be assumed to be in k [X] . Hence the open orbit is k-open (and, therefore, defined over k); by Theorem 3.1.1, (1), the open B-orbit has a point over k.
Because of this proposition, the open G-orbit on X is isomorphic to H\G over k, where H is a closed subgroup over k (cf. §3.1).
3.3. Splitting in B-orbits. Now we examine the splitting of the k-points of a krational B-orbit Y in B = B(k)-orbits. The main result is that they are naturally parametrized by an abelian group Γ Y (more precisely: they form Γ Y -torsor), which is finite for k a locally compact field.
Let Y be a B-orbit which is defined (hence, has a point y) over k. It is kisomorphic to B y \B, where B y is the stabilizer of y in B. Recall that A Y denotes the image of B y under the quotient morphism B → A = B/U.
3.3.1. Lemma.
(
1) For every B-orbit Y, the quotient of Y by U exists and is naturally isomorphic to A/A Y . A U-orbit has a k-point if and only if the point of A/A Y corresponding to it is a k-point. (2) There is a one-to-one correspondence between B-orbits on (B y \B)(k) and
Proof. The fact that B y \B/U exists and is equal to A/A Y is well-known. We need to prove that the quotient map is surjective on k-points. The fiber over every k-point is a homogeneous k-variety for U. By Theorem 3.1.1, (1), the fiber has a point, hence the map on k-points is surjective. Now, according to Theorem 3.1.1, (2), U acts transitively on the k-points of each k-rational U-orbit. Therefore, the second claim follows immediately by tracing back the isomorphism of the set of U-orbits with A/A Y .
Corollary. The set of B-orbits on Y is naturally a torsor for the abelian group Γ
Remark. Despite the fact that the identification of the set of B-orbits with Γ Y depends on the choice of an initial point y ∈ Y , we will implicitly fix such an identification in most cases in order to simplify the language of the arguments.
We are left with examining the map on k-points for a surjective map of tori A 1 → A 2 . Remember that the categories of diagonalizable k-groups and of finitely generated Z-modules with a continuous Galois action are equivalent, via the contravariant functor which assigns to each group its character group ([Bo91, Proposition 8.12]). For the second and third, by assumption the character group X (A 2 ) = X (A 2 ) k injects into X (A 1 ) (and both are lattices, i.e. free Z-modules of finite rank). By the elementary divisors theorem, we can find a basis v 1 , . . . , v m for the latter such that c 1 v 1 , . . . , c n v n is a basis for the former (c i ∈ N, n ≤ m). Equivalently, we can write
such that the map A 1 → A 2 is raising the i'th factor to the c i 'th power for i ≤ n and discarding the i'th factors for i > n. This reduces the problem to A 1 = A 2 = G m and the map being the c-th power map, where we see that
c , a finite group, trivial if and only if c = 1.
3.4. Spherical varieties for SL 2 . Spherical varieties for SL 2 are of dimension at most 2. Therefore, homogeneous spherical varieties for SL 2 (over an arbitrary field k) belong to the homogeneous varieties classified by F. Knop in [Kn95b, Theorem 5.2]; it is easily seen that all the varieties in loc. cit. are spherical. We recall this classification according to the classification of the corresponding homogeneous spaces over the algebraic closure (Theorem 2.1.1) and examine some basic rationality properties.
There is a single B-orbit.
Case T. The subgroup H = T, a (maximal) torus.
By the equivalence of categories between diagonalizable k-groups and lattices with a Galois action, isomorphism classes of 1-dimensional tori over k are classified by
One way to describe the homogeneous space T\G is as Q(1, β) := {A ∈ gl 2 |tr(A) = 1, det(A) = β} where β ∈ k and 4β − 1 = 0, under the adjoint action of SL 2 .
The space X has, in general, several G-orbits. However, notice that we can naturally extend the action of SL 2 to an action of PGL 2 , and PGL 2 acts transitively on X.
We examine the splitting of the open Borel orbit in B-orbits: We have A X = {±1}, and hence the orbits of B on the open B-orbit are parametrized by k × /(k × ) 2 . (Don't confuse this with the parametrization of isomorphism classes of tori, mentioned above.) However, if we extend the action to PGL 2 then its Borel subgroup acts transitively onX -and this will be important later.
Notice that if the torus is non-split, it does not embed over k into a Borel subgroup and therefore the smaller B-orbits do not have a point over k.
Case N.
The subgroup H is the normalizer of a maximal torus. It turns out that for all tori we get the same homogeneous variety: Indeed, the space N (T)\SL 2 can be identified with the open subset of P(pgl 2 ) defined by 4 det(A)− (tr(A)) 2 = 0. It can then be seen that for every T, N (T) appears as a stabilizer of a k-point. Again, the action extends to PGL 2 . Notice also that the k-points of N (T) coincide with the k-points of T for T non-split. This implies that the PGL 2 -orbit of a kpoint with stabilizer N (T), for T non-split, is isomorphic as a PGL 2 -space with T \PGL 2 . The splitting ofX in B-orbits is parametrized by k × /(k × ) 4 , while if we consider the action of PGL 2 and letB denote its Borel subgroup the orbits under B are parametrized by k × /(k × ) 2 (and the B-orbits are related toB-orbits through the natural map
3.4.4. Case U. The subgroup H is equal to S · U, where U is a maximal unipotent subgroup and S ⊂ N (U).
As a G-space, X splits into a disjoint union of spaces isomorphic to SU \G. The k-points of the open B-orbit may split into several B-orbits. However, because of the Bruhat decomposition over k, every one of them belongs to a different Gorbit. Notice also that (because of the Bruhat decomposition) both B-orbits have k-points.
3.5. Rationality of orbits of maximal rank. Proof. Consider the P α -orbit of Y. Dividing by U Pα we get a spherical variety for L α , the Levi of P α . Further dividing by the connected component of the center of L α we get a spherical variety X α for SL 2 (or PGL 2 ). In both steps, the quotient maps are surjective on k-points since we are dividing by a unipotent group and a split torus, respectively. Therefore, a B-orbit on X has a point over k if its image in X α is defined over k. By examining now the SL 2 -spherical varieties which were classified above, the first claim follows.
The open orbit is, by Proposition 3. Because of the last isomorphism, all of the groups Γ Y for Y of maximal rank will be identified with Γ X := ΓX .
3.6. The Zariski and Hausdorff topologies. For any topological field k, the k-points of a variety X over k naturally inherit a topology from that of k. Indeed, since X = Hom k−alg (k[X], k) (we assume for simplicity of notation here that X is affine, the general case can be recovered by covering X by affine neighborhoods), every point can in particular be viewed as a map from k[X] to k, and therefore the set of points inherits the compact-open topology from the space of such maps. (With k having its given topology and k[X] considered discrete.) If the topology on k is locally compact, totally disconnected and Hausdorff, so will be the induced topology on X. We will conveniently refer to that topology as the "Hausdorff" topology.
For a spherical variety, we wish to examine the relation between closures of Borbits in both the Zariski and the Hausdorff topology. By definition, essentially, the "Hausdorff" topology is finer than the Zariski topology, therefore a Zariski-open set is also Hausdorff-open. Does the Hausdorff closure of a B-orbit coincide with the Zariski closure? The example below shows that this is not the case, at least not in non-homogeneous varieties:
3.6.1. Example. Let X be the subvariety of A 2 × A {0} defined by the equation:
Then the B(k) orbits are:
The second and the third form together the k-points of the same B-orbit, but only the second is in the Hausdorff closure of the first.
Contrary to the previous example, for a homogeneous spherical variety we have:
where Y is a Borel orbit of dimension j < dim X contains k-points belonging to orbits of dimension j + 1.
Proof. Let α be a simple root raising Y, and consider the spherical variety YP α /U Pα for the Levi L α . (We have seen that the map YP α → YP α /U Pα is surjective on k-points.) From examining the distinct cases for spherical varieties of groups of semisimple rank one, we deduce the statement.
Our main object of study will be spaces of locally constant, compactly supported functions on spherical varieties. We need to decide whether, in the nonhomogeneous case, we will allow the support of our functions to extend beyond the Hausdorff closure ofX (the k-points of the open B-orbit); or whether we will redefine X as the Hausdorff closure ofX. For the discussion of the next section and the results of section 5 it does not make a difference, since the smaller G-orbits have smaller rank and the results that we prove are "generic" and are not influenced by the smaller orbits. However, for the study of unramified vectors in section 6 we require that the support of all functions is contained in the closure ofX. Of course, the Hausdorff closure ofX is G-stable. We examine the phenomenon of the example more closely: Proof. Recall (Theorem 2.4.1) that every B-eigenfunction on Y extends to X (in particular, to V). This implies that
Now, if we fix a set of generators for the B-semiinvariants on k[V] (B) , we simultaneously fix an isomorphism of the quotientV/U with A/A V and ofY/U with A/A Y . This shows that the homomorphism on Γ-groups comes from a natural map between B-orbits.
The implication: γ ∈ Γ Y Im(Γ V ) ⇒ "the orbit represented by γ does not lie in the closure ofV " follows immediately from the definition of the Hausdorff topology: Indeed, neighborhoods in this topology are determined by the values attained by regular functions, and if γ does not belong to the image of Γ V then there exist B-eigenfunctions whose values on the orbit of Y represented by γ are not approximated by their values on V . To show the converse, let y ∈ Y , let γ y be the element of Γ Y corresponding to the B-orbit to which it belongs and let γ v ∈ Γ V be a preimage of γ y under Γ V → Γ Y . Assume that a neighborhood N of y does not meet a B-orbit V 1 ⊂V which corresponds to γ v . Then the same is true for every U -translate of N , therefore we may assume that N is U -invariant. But a fundamental system of U -invariant neighborhoods of y is determined by the values of all f ∈ k[V]
(B) ; therefore if, for every such f , f (y) can be approximated by f (x) for x ∈ V 1 then N must meet V 1 , a contradiction.
3.7. Invariant differential forms and measures. Given a linear algebraic group G, its unipotent radical U G carries a (left and right) invariant top form ω. It is unique up to scalar, and the adjoint action:
This character is the sum of all roots of G on the Lie algebra of U G , and it is also equal to the ratio between a right-and a left-invariant top form on G (which agree at the identity).
The group of isomorphism classes of G-line bundles on a homogeneous variety X = H\G (over the algebraic closure) is naturally: Pic G (X) := X (H) [KKV89] . Let L ψ denote the corresponding line bundle for the character ψ of H; its sections can be identified with global sections f of the trivial bundle on
There is a non-zero G-invariant global section of L * ψ ⊗ Ω (the sheaf of top-degree differential forms valued in the dual of L ψ ) if and only if ψ = dH dG|H ; in particular, there is a G-invariant top form on X if and only if the modular characters of G and of H agree on H.
Given a smooth variety X over a local field k, any k-rational top differential form ω on X gives rise to a positive Borel measure on the topological space of its k-rational points [We82] . This measure will be denoted by |ω|. The complex character δ G := |d G | of G = G(k) is equal to the ratio between right and left Haar measure on G and is also called "the modular character".
We will show that without loss of generality we may assume the k-points of the open orbitX in our spherical variety X to possess a B-invariant measure. For this, we may take X to be homogeneous.
As discussed in §2.1, we can assume that G = G 1 × T over k, where T is a torus, G 1 acts transitively on X: X = H 0 \G 1 , where H 0 has no k-characters. Then X possesses a G 1 -invariant k-rational top form ω. The idea is to replace T, if necessary, by a subtorus.
Let
where T ′ is some subtorus and X is still a spherical G 1 × T ′ -variety. Let χ be the k-character under which ω transforms under the action of T. Since H T ∩ T ′ is finite, it follows that |ω| (which is a positive measure on X) is invariant under (H T ∩ T ′ )(k). Hence |ω| varies by a positive (unramified) character of (T H ∩ T ′ )(k)\T ′ (k), and by twisting it by the inverse of that character (which is constant on the orbits of B 1 ) we obtain a B 1 × T ′ -invariant measure on X.
Mackey theory and intertwining operators
In this section we summarize the method of intertwining operators (cf. [BZ76, Cas] ). It is usually referred to as "Mackey theory" by analogy to Mackey's theorem for representations of finite groups. The existence of an open orbit is very important here. We use work of Denef, Deshommes and Garrett to establish general properties of the intertwining operators and we discuss the precise relationship between intertwining operators constructed analytically and the Jacquet modules.
4.1. Unramified principal series. From now on, k will always denote a locally compact non-archimedean local field. We work in the abelian category S of smooth representations of G, which means that every vector has open stabilizer.
An unramified character of an algebraic group A over a p-adic field k is a complex character of A which is of the form |f 1 | s1 · · · |f r | sr , where f 1 , . . . , f r are algebraic characters of A (i.e. homomorphisms into G m ), defined over k, the sign | · | denotes the p-adic absolute value and s 1 , . . . , s r ∈ C.
The group of unramified characters of A a natural structure of a complex algebraic torus: If f 1 , . . . , f m form a basis for the group of algebraic characters modulo torsion and if
where q is the order of the residue field of k, defines the structure of a complex torus on the group of unramified characters.
If X = H\G is a homogeneous G-variety over k, an unramified character ψ of H gives rise to a complex G-line bundle over X, to be denoted by L ψ . If X = H\G then sections of this line bundle can be described as complex functions f on G such that f (hg) = ψ(h)f (g) for every h ∈ H, g ∈ G. In general, choose a normal subgroup H 1 ⊂ H such that H 1 is in the kernel of all unramified characters of H and H/H 1 is a k-split torus (this is always possible: choose a quotient H/H 1 of H/H 0 -where H 0 is as in §2.1 -such that X (H/H 1 ) k is isomorphic to the quotient of X (H/H 0 ) k by its torsion) then sections of L ψ can be described as functions
Let B be the Borel subgroup of G; we will denote the complex torus of its unramified characters by A * . This is the maximal torus in the "Langlands dual" group of G. Let d (resp. δ) be the algebraic (resp. complex) modular character of the Borel; it is equal to the sum 2ρ of all the positive roots. Given an unramified character χ of B, we define the unramified principal series I(χ) := Ind over B\G.) We recall its properties: For a hyperspecial maximal compact subgroup K of G, it contains a unique (up to scalar multiple) vector invariant under K (called "unramified"). For generic χ ∈ A * , it is irreducible. Generic, when talking about points on complex varieties, will mean "everywhere, except possibly on a finite number of divisors". For generic χ, again, and w ∈ W we have an isomorphism T w : I(χ) ≃ I( w χ). We will recall the construction of the intertwining operator T w below. Also, the spaces I(χ) can be identified to each other as vector spaces by considering the restriction of f ∈ I(χ) to K. If we call this common underlying vector space V , and we have a family of maps π χ from a set S to I(χ) for χ varying on a subvariety D of A * , then we say that the family is regular if for every s ∈ S we have π χ (s) ∈ V ⊗C[D * ]. Similarly we define the notion of "rational" family of maps. We write π χ,1 ∼ π χ,2 to denote that π χ,1 = c(χ)π χ,2 for some non-zero rational function c of χ.
We will need to recall more information on the divisors on which the above statements (irreducibility of I(χ) and isomorphism with I( w χ)) may fail to be true: First, there are the "irregular" characters, i.e. those given by an equation χ = w χ, w ∈ W . Those are precisely the characters belonging to one of the divisors R α := {χ|χα = 1}, where α is a root andα the corresponding co-root. More precisely, the representation I(χ) may be reducible for χ irregular, and the intertwining operator T w "blows up" on the divisor α>0,wα<0 R α . Then, there are the divisors Q α (α a root) described by the equation χα = q. It is known that, for such χ, I(χ) is reducible and T w ceases to be an isomorphism on the divisor: , the category S is the direct sum of categories S P,σ , indexed by equivalence classes of pairs of data ("parabolic subgroup", "quasi-cuspidal representation of its Levi"). The "simplest" of these categories is indexed by the data ("Borel subgroup", "trivial representation"). It will, by abuse of language, be called the "unramified Bernstein component", although not all representations belonging to it are unramified (i.e. possess a vector invariant under a maximal compact subgroup). Given a smooth representation V , its "unramified" direct summand V ur admits the following equivalent characterizations:
(1) Every irreducible subquotient of V ur and no irreducible subquotient of its complement is isomorphic to a subquotient of some unramified principal series. (2) V ur is the space generated by the vectors of V which are invariant under the Iwahori subgroup. Moreover, the centre z(S) of S is described in [Be84] : This is, by definition, the endomorphism ring of the identity functor; in other words, every element of this ring is a collection of endomorphisms, one for each object in the category, such that when applied simultaneously they commute with all morphisms in the category. The centre can also be identified with the convolution ring of all conjugation-invariant distributions on G whose support becomes compact when they are convolved with the characteristic measure of any open-compact subgroup.
By the above decomposition, one evidently has z(S) = P,σ z(S P,σ ). Each of the factors in this product is naturally isomorphic to the space of regular functions on a complex variety (and the disjoint union of these varieties is called the "Bernstein variety"). The centre of S ur is naturally isomorphic to C[A * ] W by mapping each element to the scalar by which it acts on I(χ), for all χ ∈ A * . Convolving the corresponding distributions with the characteristic measure of a hyperspecial maximal compact subgroup K, we get an isomorphism of rings with the spherical Hecke algebra
is the Satake isomorphism.
4.3. Filtrations. Let X be a locally compact, totally disconnected space with a continuous (right) action of G. Then the space C ∞ c (X) of locally constant, compactly supported complex functions on X furnishes a smooth representation of G. The discussion below applies more generally to the space C ∞ c (X, L ψ ) of smooth, compactly supported sections of L ψ , but for simplicity we will work with the trivial bundle here and make a few comments on the general case in §4.8.
By Frobenius reciprocity,
If Y ⊂ X is open and B-stable, and Z = X Y , then we have an exact sequence:
By applying the functor of (B, χ
2 )-equivariance we get a sequence on the spaces D(•)
(recall that, by definition, the ac-
, but we might lose right exactness:
We apply the above in the setting of X= the k-points of our spherical variety X. As we remarked, the Zariski topology is coarser than the induced Hausdorff topology, hence the set of k-points of orbits of dimension > d is open in the set of k-points of orbits of dimension ≥ d. More precisely, we have the following filtration:
It follows that the dimension of the space of (B, χ
2 )-equivariant distributions on X is less than or equal to the sum of the dimensions of (B, χ
Part of what we prove below is that, for generic χ, we actually have equality. In any case, the problem now has been divided in two parts: examine the question of (B, χ
2 )-equivariant distributions on any single B-orbit, and then determine whether these distributions extend to the whole space.
4.4. Distributions on a single orbit. 6 The isomorphism asserted by Frobenius reciprocity is given as follows: Given a morphism into I(χ), compose with "evaluation at 1" to get a functional into C . For the whole paper, we will avoid distinguishing between the morphism and the functional whenever possible, and we will be using the same letter to denote both. 
This distribution is well defined (i.e. will factor through the surjection p : C . Finally, notice that our distribution S Y χ is only well defined up to a constant; this constant depends on the choice of y (and the measure on B) in the presentation of (2), and on the choice of semiinvariants and the measure dy in the presentation of (4). 7 The reason is that all line bundles L ψ on Y are isomorphic if we forget the B-action, as follows from the fact that every unramified character of By can be extended to a character of B.
Non-transitive action of B and weighted distributions.
This paragraph is slightly technical in nature; it introduces certain weighted sums of the morphisms S χ which correspond to different B-orbits on the same B-orbit; these weighted sums will later appear in the formulations of our theorems.
In the case that Y contains multiple B-orbits {Y γ } γ∈ΓY we can, of course, apply the above to each B-orbit separately (recall that each B-orbit is open-closed inside of Y ) and get morphisms S (We will explain the meaning of this sum below, since up to now the S Yγ χ 's are only defined up to a constant.)
It turns out, however, that for our purposes the "correct" distributions will be given by different weighted sums. Namely, we group together B-orbits which belong to a certain subgroup Γ (0) of Γ = Γ Y and weigh together only the distributions supported on them, using a character of Γ (0) . The precise definition of Γ (0) will be discussed later, here we just introduce notation given an arbitrary subgroup Γ (0) ⊂ Γ. Let η be a character of Γ (0) , let ζ denote a coset of Γ (0) in Γ and denote the data (ζ, η) by θ. Choosing a representative γ 0 ∈ Γ for ζ, we get a function supported on the coset ζ: η ζ (γ) := η(γ 0 γ). The dependence on the choice of γ 0 will be suppressed from the notation, because our definitions will only depend on it up to a scalar. We define:
However, we need to make more precise what we mean by this sum, since, as mentioned, the distributions S Yγ χ are only defined up to a scalar factor. While there is no canonical way to normalize the S Yγ χ 's, we can canonically normalize them relative to each other by using expression (4) with a measure dy coming from a suitable differential form on Y. Namely, if ω Y is a top form on Y which varies by an algebraic character Ψ of B (with |Ψ| = ψ in the above notation), then S Y,θ χ can be expressed as: 
Comparison between admissible characters for different orbits.
We may also describe the relations between the varieties of admissible characters on the Borel orbits of a P α -orbit using 2.2.1. Recall that P = P(X) denotes the standard parabolic {g ∈ G|Xg =X} and W P the Weyl group of its Levi.
Proof. The orbit ofX under the Weyl group action is precisely the set of orbits of maximal rank, and elements of W P stabilize the open orbit. Therefore, admissible characters on orbits of maximal rank are of the form w AdmX for some w ∈ [W/W P ]. Every B-orbit within the open G-orbit is "raised" to an orbit of maximal rank by a sequence of simple roots -hence, for those the claim follows from the description of admissible characters above. Having proven it for B-orbits within the open G-orbit, it is enough now to prove the claim for Y=the open B-orbit inside each smaller G-orbit. Recall (Lemma 2.4.2) that Y is a divisor inside of a B-stable closed V ⊂ X, and that every semiinvariant on Y extends to V, therefore, A Y ⊃ A V of codimension one. Moreover, since the unipotent radical of B v acts trivially onV, it must act trivially on its closure, hence must be contained in B y . For dimension reasons we now deduce that B y and B v must have the same unipotent radical; it follows that Adm Y ⊂ Adm V , and by induction on the dimension, Adm V is cointained in a [W/W P ]-translate of Adm X . 4.5. Convergence and rationality. We now discuss whether a sequence of the form (1) is surjective on the right. The integral expression (2) defines an equivariant extension of the distribution S Y χ to the whole space C ∞ c (X) if it converges for all φ ∈ C ∞ c (X). In general, one proves convergence for χ in a certain region and then shows that the resulting functional is rational in χ ∈ Adm Y (cf. §4.1), hence providing an extension for almost every χ ∈ Adm Y . In this paragraph we review a theorem of Denef [Den85, Theorem 3.1] and Deshommes [Des96, Théorème 2.5.1] which establishes rationality of those integrals in general. We also use the method of Denef and Deshommes (which originates in Igusa) to deduce some additional estimates which will be needed later. As a corollary of rationality, for all χ which do not belong to the "poles" of the intertwining operators, we deduce that the sequence (1) is surjective on the right.
Recall that, by Hironaka's embedded resolution of singularities [HiH64] , given a k-rational B-orbit closure Y there exists a (canonical) regular k-scheme Y and proper k-morphism π : Y → Y, which is an isomorphism on Y and such that the inverse image E of Y Y is an effective divisor (the "exceptional divisor") whose irreducible components have normal crossings.
We can now pull back φ, the semiinvariants f i and the differential form ω Y (where dy = |ω Y |) of (4) to Y in order to express the integral as an integral on Y . Let y 0 ∈ Y ∩supp(π * φ) and let D 1 , . . . , D k be the prime components of E which contain y 0 . Then there exist local coordinates x 1 , . . . , x n identifying a neighborhood of y 0 in the Hausdorff topology with a neighborhood of 0 in k n such that
up to a constant) for some integers m i . By shrinking that neighborhood, if necessary, we may assume that if the pull-back of any B-semiinvariant f is non-zero on all D i 's then |f | is constant in a neighborhood of y 0 . Therefore, if φ is supported on such a neighborhood of y 0 , the integral (4) is equal (up to a constant) to
for suitable complex numbers r 1 , . . . , r k . More precisely, the r i 's are related to the s i 's of (4) as follows:
where v Di denotes the valuation induced by D i . Recall also that π * φ is locally constant.
From this we deduce that:
(1) The integral is rational in the parameters q ri (or, equivalently, in q si ). Its poles are:
(2) Let S r1,...,r k (φ) denote the rational continuation of the above integral. For j = (j 1 , . . . , j l ) (l ≤ k) a set of integers, let φ j denote the restriction of φ to the set where
where ≪ r l+1 ,...,r k means that the implied constant depends on r l+1 , . . . , r k . (1 ≤ i ≤ l), j = (j 1 , . . . , j l ) and φ j denotes the restriction of φ to the set where |h i | = q −ji (for all 1 ≤ i ≤ l) then there exists κ (depending on the r i 's) such that S r1,...,r k (φ j ) ≪ q κ·max ji .
Since π * φ is locally constant and compactly supported on Y , we can write it as a sum of functions supported in neighborhoods as above. Then from the above observations we deduce immediately: 4.5.1. Proposition.
( Proof. The fact that one can make sense of S Y χ as a rational function of χ follows from observation (1) above. However, if we split π * φ into pieces so that the integral looks like (7), we have no a priori guarantee that all these integrals will converge absolutely for the same χ. Recall, however, that there exists a non-zero f ∈ k[Y] (B) which vanishes on Y Y. Therefore, convergence for χ in some open region will follow if we prove the second assertion. The stated form of the poles follows from observation (1) and relation (8).
The second assertion follows from observation (3) above, by setting h = f . Finally, for the third assertion, notice that the integral under consideration is the integral of φ restricted to the set where |f i | have a fixed value, for all f i ranging in a set of generators for k [Y] (B) . Therefore, the estimate follows again from observation (3) above and the existence of an f as above (of weight ψ).
Remark. By the approach of Denef and Deshommes to p-adic integrals, there is not even the need for our integral to be convergent for χ in some region in order to make sense out of it. However, our proof of the fact that there exists a region of convergence will be useful in §5.3.6 and may also be of interest for explicit calculations as in [Sa] .
Combining all the results above, we have proven the following: for (π, V ) a smooth representation of G) factors through the Jacquet module V U : This is, by definition the maximal quotient of V where U acts trivially; equivalently, it is equal to the quotient of V by the span of {v − π(u)v|u ∈ U, v ∈ V }. It is well-known that the A-equivariant functor V → V U is exact, due to the fact that U is filtered by compact subgroups. In fact, since we are only considering unramified principal series, we may as well compose with the functor V U → V A0U ((co-)invariants for the maximal compact subgroup A 0 of A), which is also exact; we will call V A0U the unramified Jacquet module.
In what follows we examine the Jacquet modules for some basic GL 1 -and GL 2 -spherical varieties. We do this in order to demonstrate how the method of intertwining operators gives us information on the Jacquet module; to show that the Jacquet module does not, in general, have a very simple geometric description; and to discuss what happens at characters χ on the poles of the intertwining operators, where the above method fails to prove surjectivity of (1) on the right. 4.6.1. Example. Let X = A 1 , as a GL 1 -spherical variety. From the two orbits X = k × and Z = {0} we have the sequence:
The corresponding sequence of unramified Jacquet modules is: Tate's thesis shows that the intertwining operator SX χ has a pole at χ = 1, which is exactly where the intertwining operator S Z χ appears. (This is a general phenomenon which will be discussed below.) The element 1 − χ of the Bernstein center (respectively: the Hecke algebra element which maps the sequence (a n ) n to the sequence (a n − a n−1 ) n ) is clearly injective from C 
then the map on the right is just evaluation at 1. We deduce, in particular, that the sequence (1) is not surjective on the right in this case. 
where (it can easily be checked) the vertical map is multiplication by −1.
Hence the quotient of X by U is non-separated. It is easy to see now that the Jacquet module of
Hence, using the previous example, the sequence (1) is not surjective on the right; at χ = 1 the dimension of intertwining operators is equal to two, coming from the two closed orbits. 
and unramified Jacquet modules:
The latter is a sequence of H(G, K) = C[T, T −1 ]-modules (where convolution with elements of the Hecke algebra corresponds to multiplication of polynomials), and since this ring is a principal ideal domain and the modules are free, the sequence splits, so we have (non-canonically):
Therefore we see that although the intertwining operator SX χ has a pole at χ = 1, the corresponding sequence (1) is surjective on the right in this case, and the dimension of intertwining operators is constantly equal to two.
In any case, our intertwining operators are enough to characterize the image of a φ in the Jacquet module: Since the kernel of the Jacquet morphism is generated by elements of the form f − R(u)f , the direction ⇒ of the first claim is obvious. Conversely, suppose that the integral of φ over any U -orbit is zero. We will prove the claim using the standard filtrations of Jacquet modules and by induction on the orbit dimension. Let m be the minimal dimension of an orbit which intersects the support of φ. Then the image of φ under C
The kernel of the above map is equal to the Jacquet module of
by a function of the form f − R(u)f . Since the latter has integral zero over any U -orbit, we reduce the problem to φ ′ , which allows us to complete the proof by induction. The claim about the unramified Jacquet module follows similarly.
For the last claim, the direction ⇒ is, again, obvious. For the inverse, use part (3) of Proposition 4.5.1: Multiplying t(φ) by a suitable character of B, it lands in L 1 (A/A 0 A y ). By standard Fourier analysis on the discrete abelian group A/A 0 A y , if its Fourier transform is zero then the function itself is zero.
The importance of the above lemma is that we do not have to worry about intertwining operators which may not be expressible in terms of our S Since we already know (by Proposition 4.5.1) that some of the possible poles will appear, and using some other results from the theory of spherical varieties, we will be able later to slightly extend Garrett's results in some cases (Lemma 6.1.4) and identify certain "anomalous" intertwining operators linked to smaller G-orbits.
4.8. Non-trivial line bundles and standard intertwining operators. As mentioned above, exactly the same arguments apply to intertwining operators:
, where ψ is some complex character of H. The condition of 8 In fact, as we saw in Proposition 4.5.1, the polar divisors in our case are always principal.
admissibility with respect to a B-orbit Y is now: χ −1 δ 1 2 | By = δ By y ψ −1 | By , where y ψ denotes the character by which the stabilizer of y (a conjugate of H) acts on the fiber of the map G → H\G over y.
As a special case of this, the filtration of B\G defined by the Bruhat decomposition gives rise to the standard intertwining operators for unramified principal series:
which are rational in χ ∈ A * and are given by the rational continuation of the integral:
The above integral expression depends on the choice of a representative for w in N (A), but only up to a character of A * , therefore we will ignore this dependence whenever we can. Their poles are a union of "irregular" divisors as described in §4.1, and one can verify that those are the characters where a "smaller" Shubert cell can support an intertwining operator into I(χ). with the intertwining operators for principal series T w . Before we do that, we need to examine issues that might arise from the set of our characters χ being contained in some of the hypersurfaces where I(χ) is reducible (and where some of the T w annihilate a subrepresentation). It turns out that this can only happen for trivial reasons. These trivial reasons are best exhibited in the example of the SL 2 -spherical variety of type G, namely X=a point. Then C ∞ c (X) is the trivial representation of G; it is contained as a proper subrepresentation in I(χ) where χ : a * a −1 → |a| −1 and as a quotient (but not a subrepresentation) in I( w χ). Hence, S χ maps into that subrepresentation of I(χ) and T w : I(χ) → I( w χ) annihilates its image. This is essentially the only way things can go wrong. We recall from §4.1 the definition of the "bad" divisors R α = {χ ∈ A * X |χα = 1} and Q α = {χ ∈ A * X |χα = q}, where α is a root and q is the order of the residue field. We have: δ
In that case, we see that w α has to centralize A * X which, by the assumption of non-degeneracy ( §2.5), implies that α ∈ ∆ P(X) . The converse is easily checked.
Corollary. For generic
Proof. Indeed, since a generic χ is contained only in those Q α with α simple, positive and appearing in the Levi quotient L of P(X), and since the stabilizer inside P(X) of a generic point contains, modulo the unipotent radical of P(A), the commutator subgroup of L, it follows that for such χ the image of SX ,η χ in I(χ) belongs to the irreducible subspace induced from the trivial representation of the commutator of L.
5.2. The theorem for SL 2 . Our basic theorem, Theorem 5.3.1 below, will be proved by reducing it to the case of SL 2 . Since its more general version has a complicated formulation which aims to control the splitting of B-orbits into Borbits, we present the case of SL 2 first in order to motivate that formulation. Although the general theorem will be stated only for sections of the trivial complex line bundle over X, in the proof we will need the SL 2 -formulation for an arbitrary bundle.
Recall from §2.2 Knop's action of the Weyl group on orbits of the Borel subgroup, in particular, on orbits of maximal rank. 
More precisely, the action of T w can be described explicitly as follows:
set of data consisting of a coset and a character of
Proof. We consider case by case:
5.2.2. Case G. As already remarked, C ∞ c (X) is the trivial representation of G, and that appears in the subspace of the reducible representation I(δ − 1 2 ) which is annihilated by T w .
Case U.
Notice that the stabilizer in G = G(k) of a k-point is conjugate to S · U with S ⊂ N (U ) a finite group, by the discussion of non-degeneracy ( §2.5). In particular, χ is w-regular and T w is an isomorphism for generic χ ∈ A * X ; also, there is a B-invariant measure.
We denote by Z the closed B-orbit and by Y the open one. Choose a representative w ∈ N (A) for the non-trivial element of the Weyl group (also denoted by w), which will be used to define the intertwining operator T w . The choice of w defines a bijection between orbits of U (= points) on Z and orbits of U on Y. If z ∈ Z, the corresponding orbit on U is z · wU. Of course, the bijection carries k-points to k-rational orbits. If f ∈ k[Z]
(B) and we use this bijection to pull it back to a U-invariant function F on Y, we immediately see that
Notice that S Zγ χ converge for all χ since Z is closed. Now use F to write:
This is an exact equality and hence can be extended to any linear combination of the S Yγ χ 's. Since, for generic χ, T wα •T wα ∼ Id , it also follows that T wα S Y, * χ ∼ S Z, * wα χ . 5.2.4. Case T. It may seem surprising at first that cases T and N are the most complicated ones, since there is only one B-orbit of maximal rank, and hence the morphism into I(χ) defined with this orbit should (generically) map to itself when composed with T w . However, the k-points of the open orbit may split into several B-orbits, giving rise to several morphisms. In order to describe their composition with T w one needs to pick a suitable basis indexed by characters of Γ; the proofs will not be as straightforward as in Case U, since the integrals involved will not converge simultaneously. Therefore, we use representation-theoretic arguments.
Notice that the subgroup H cointains the center of SL 2 . Therefore, we may let SL 2 /{±1} = PGL 2 act on X. SetG = PGL 2 andB= the Borel ofG. The important feature that will allow us to control the splitting in B-orbits is that they all belong to the sameB-orbit. This is because we do not have an equality B/Z =B: in fact, one readily sees thatB/(B/Z) = Γ. The characterχ := χη −1 can therefore be seen as a (ramified, if η is non-trivial) character ofB. One can, of course, define morphisms S Ỹ χ , T w for such a ramified character in exactly the same way, and it follows that, since for a genericχ there is a unique such morphism S Ỹ χ into the representation I(χ) ofG (the one defined with Y= the open orbit), we must have
Remark. Compare our treatment of "Case T" above with explicit calculations performed for a particular spherical variety in [HiY05] ; the calculations there correspond to the case H=a split torus of SL 2 . 5.2.5. Case N. In this case, as we saw, the G-space X splits into a disjoint union of spaces of the form (T\SL 2 )(k) or finite quotients of those, with T ranging through all isomorphism classes of tori in SL 2 . We group B-orbits according to this decomposition: two B-orbits belong together if and only if they correspond to the same coset of Γ (0) . Another way to describe the grouping is as follows: We can again extend the action toG = PGL 2 , and two orbits belong together if and only if they belong to the sameG-orbit. Hence, the morphisms S Y,θ χ are supported on a single G-orbit, and there they are weighted according to the character η of Γ (0) . Hence, we can treat eachG-orbit separately: If the torus is non-split then N (T ) = T , hence as aG-space the corresponding orbit will be isomorphic to T \G and the claim follows directly from Case T. If the torus is split, the claim follows again easily, by noticing that a section f ∈ C The first will focus on the orbit of a minimal parabolic and will be reduced to the SL 2 -case. The second will be to ensure that orbits outside of this parabolic do not contribute. In order to be able to identify the action of T w more explicitly on a distinguished basis, we need to make sure that the basis we choose, every time we reduce to the SL 2 case, reduces to one of the distinguished bases described above. This is accomplished by using the weighted morphisms of §4.4.2 and the following definition of the subgroup Γ ) is not of type G, and in that case we have:
wα χ . Proof. In the course of the proof, we will need the following lemma:
Notice that this holds although the map on k-points:
Proof. It suffices to show that, given a split torus A and two subgroups A 1 , A 2 over k the map A/A 1 × A/A 2 → A/(A 1 A 2 ) induces a surjection on k-points. Recall (Lemma 3.3.3, (2)) that this is equivalent to showing that the corresponding quotient of character groups has no torsion. If X denotes X (A) and X i denotes X (A/A i ) (i = 1, 2), then X i is a subgroup of X and the image of X (A/(A 1 A 2 )) in X 1 × X 2 is the diagonal copy of X 1 ∩ X 2 . It is clear, then, that the quotient has no torsion, for if χ ∈ X 1 × X 2 ⊂ X × X maps to a torsion element in the quotient, then χ belongs to the diagonal copy of X , hence has to belong to the diagonal copy of X 1 ∩ X 2 .
Proof of the theorem for the orbit of a minimal parabolic. It is obvious that both S
Y, * χ and T wα S Y, * χ are zero on functions supported away from the closure of (Y·P α )(k). Therefore, these functionals factor through C ∞ c ((Y · P α )(k)). The first step is to prove the theorem restricted to functions which are compactly supported in (Y · P α )(k); then, in §5.3.6 we extend it to the whole C 
Proof. Notice that the quotient of Y · P α by the unipotent radical of P α is well defined and all of the functionals S 
Here L α is the Levi quotient of P α and H α is the stabilizer of a k-point on (Y · P α )/U Pα . (Recall also that the map YP α → YP α /U Pα is surjective on k-points (Theorem 3.1.1)). Therefore the first step in the proof will be completed if we prove Theorem 5.3.1 for homogeneous spherical varieties of groups of semisimple rank one.
5.3.5. The next reduction is in order to be able to divide by central tori. There are serious technical issues to overcome here -namely, we need to ensure that every time that we reduce to the SL 2 -case the weighted averages of our functionals will reduce as they should to the functionals of Theorem 5.2.1. Assume that Z 1 is a split torus in the center of L = L α , and let X α = H α \L. The map:
is surjective on k-points, since the fiber over each k-point is acted upon transitively by a split torus. The fiber over each k-point is isomorphic to (H α ∩ Z 1 )\Z 1 over k; let us denote the quotient of ((H α ∩ Z 1 )\Z 1 )(k) by the image of Z 1 -in other words the set of orbits of Z 1 on the fibers -by Γ 1 (it has a natural group structure).
For our B-orbit Y, denote Γ = Γ Y . Let Y α be the image of Y in (H α Z 1 )\L, and let Γ α be the corresponding group of B-orbits. We have a natural exact sequence:
This sequence splits (non-canonically): Indeed, consider the dual sequence of character lattices for the former. Since Z 1 /(Z 1 ∩ A Y ) is a torus, its character group is torsion-free and the sequence of character groups splits. Fix such a splitting:
This allows us to identify the bundle H α \L over the open orbit Y α with the trivial bundle:
The sequence above gives rise to:
with a corresponding splitting:
Now consider the subgroup Γ (0) ⊂ A defined previously. We have a commutative diagram with exact rows:
which gives rise to a commutative diagram with exact rows and columns:
The elements of the first row are defined by the exactness of the vertical sequences (given Lemma 5.3.2). Exactness of the second and third row follow from the previous diagram. Then the only thing which remains to be shown is surjectivity exactness of the first row on the right, which follows from the exactness of the rest of the diagram.
The splitting (16) induces:
In our setting, L will be split of semisimple rank one, Z 1 will be the connected component of its center. Then Z 0 also belongs to the center, and L/(Z 1 Z 0 ) = PGL 2 . The right column of (17) will be that of a spherical variety for a split semisimple group of rank one, hence of SL 2 or PGL 2 . The group Γ (0) α will be nontrivial exactly if the right column corresponds to a non-trivial SL 2 -spherical variety such that A Yα contains its center. We have also seen that the orbits corresponding to Γ (0) α admit the following description: We may let SL 2 /{±1} = PGL 2 act on this spherical variety; some orbits of B SL 2 (k) will belong to the same orbit of B PGL 2 (k), and those which belong to the same orbit as that represented by "1" are the ones that Γ 
Consider the restriction of
. Then S 1 (φ) is a section of the induced line bundle from the character χδ
Having, by (14), fixed a trivialization of this bundle and a set of data
α , we may now identify S 2 with the morphism:
. We first reduced the proof of the first step (Proposition 5.3.4) to proving it for the Levi quotient of the minimal parabolic. By our assumption that G is split and simply connected, this is isomorphic to the product of SL 2 or GL 2 with a split torus. Dividing by the connected component of the center, we are reduced to the case of a homogeneous quasi-affine variety of SL 2 , which has already been done.
5.3.6. Orbits in the closure do not contribute. To conclude the proof of Theorem 5.3.1, we need to show that what we just proved for φ compactly supported on (Y · P α )(k) continues to hold for φ supported in its closure. The idea is to split the intersection of the support of φ with P α into infinitely many compact pieces, let φ i denote the restriction of φ to the i-th piece by φ i (hence φ = i φ i when restricted to (Y · P α )(k)) and use the fact that S 
The lemma is a direct consequence of the rationality of T w and the fact that Ind
K1 is finite-dimensional. It is important that we only fix a compact open subgroup of P α , not of the whole group G. invariant and representatives g 1 , . . . , g m as above and enumerate the K 1 -orbits
For χ in the region of convergence of the integral expression for S Y χ we have:
Using the previous lemma: 5.4.3. Example. The spherical variety X = U\G. It is known that the little Weyl group of a horospherical variety is trivial (and vice versa: if the little Weyl group of a spherical variety is trivial then the variety is horospherical) and it is easy to check that Adm X = A * X = A * . Therefore, our results tell us that all irreducible representations in the unramified spectrum appear, at least generically, but the generic multiplicity is equal to the order of the Weyl group. (This is, of course, expressed in the fact that I(χ) ≃ I( w χ) for generic χ.
GLn . Therefore, generically in the unramified spectrum, X = H\G distinguishes irreducible representations of the form τ ⊗τ , where τ is an irreducible representation of GL n andτ denotes its contragredient. This is, of course, well-known to hold not only generically and not only for the unramified spectrum. 5.4.5. Example. The space X = Mat n under the G = GL n × GL n action by multiplication on the left and right. The open G-orbit is equal to the spherical variety of the previous example, therefore the generic description of the unramified spectrum is identical to the previous case.
As follows immediately from Corollary 5.4.2, the generic multiplicity may be greater than 1 (i.e. the Gelfand condition may fail to hold) for two reasons: The k-points of the open B-orbit split into several B-orbits; or the little Weyl group of X does not coincide with the normalizer of −ρ + a * X . In addition to the simple SL 2 -examples that we have seen, we mention another instance of the former:
5.4.6. Example. In [HiY05] , Y. Hironaka examines Sp 4 as a spherical homogeneous Sp 4 × (Sp 2 ) 2 -space over a local non-archimedean field. It is discovered that the generic multiplicity is equal to the order of k × /(k × ) 2 ; this is due to the splitting of theX in B-orbits.
The non-coincidence of W X with N (−ρ + a * X ) is very common in parabolically induced examples, since, as we already mentioned, the little Weyl group of the parabolically induced spherical variety is equal to the little Weyl group of the original spherical variety for the Levi. The example of U\G, mentioned above, is an instance of this. However, parabolically induced spherical varieties do not exhaust the list of such examples: 5.4.7. Example. The group SL 2 × SL 2 embeds naturally in G = Sp 4 . Let H be the G m × SL 2 subgroup thereof (where G m is a maximal split torus in SL 2 ). It is easy to see that Adm X = A * X = A * , however it is known that W X is not the whole Weyl group, but a subgroup of W of index 2. 5.5. Parabolic induction with an additive character. In applications one often comes across representations induced from "parabolically induced" spherical subgroups, but not from the trivial (or the modulus of an algebraic) character of those subgroups but from a complex character of its unipotent radical. 5.5.1. Example. The Whittaker model is the line bundle L Ψ over U \G, where Ψ : U → C × is a generic character of U ; this means that, if we identify the abelianization of U with the direct product of the one-parameter subgroups U α , for α ranging over all simple positive roots, then Ψ = ψ • Λ, where Λ : U → G a is a functional which does not vanish on any of the U α and ψ is a nontrivial complex character of G a (k) = k. Hence, the Whittaker model is parabolically induced from the trivial subgroup of A; if Ψ were the trivial character, then its spectrum would only contain representations whose Jacquet module with respect to U is non-trivial, and with generic multiplicity equal to the order of the Weyl group. On the contrary, for Ψ a generic character, the spectrum is known to be much richer (e.g. it contains all supercuspidals), and multiplicity free for every (not only generic) irreducible representation. 5.5.2. Example. The Shalika model for GL 2n is the line bundle L Ψ over H\G, where H is parabolically induced from the maximal parabolic P with Levi L = GL n ×GL n and the spherical subgroup M = GL diag n thereof; and Ψ is the character ψ(tr(X)) of U P , where ψ is as above a complex character of k and X ∈ Mat n (k ) under the isomorphism U P ≃ Mat n . It is known that the Shalika model, too, is multiplicityfree, and it distinguishes lifts from SO 2n+1 .
We will see that even those cases can be linked to Knop's theory -more precisely, to an extension of the Weyl group action to non-spherical varieties.
Let H = M ⋉ U P be a parabolically induced spherical subgroup of G, with notation as in §2.3. Let Ψ : U P → C × be a character. Any such character of U P factors through a morphism: Λ : U P → G a , composed with a complex character ψ of G a (k) = k. Now, assume that Λ is normalized by M, and by abuse of notation use the same letter to denote the induced morphism: H → G a . Let H 0 = ker Λ; the variety H 0 \G is the total space of a G a -torsor over H\G (no longer spherical), and the map π : H 0 \G → H\G is surjective on k-points for the usual reasons. One is interested in the space C ∞ c (H\G, L Ψ ), i.e. the space of smooth complex functions on H 0 \G which satisfy f (h · x) = Ψ(h)f (x) for h ∈ H/H 0 (k) and such that π(supp(f)) is compact.
By repeating exactly the same Mackey-theoretic arguments that we used before, one sees directly that the k-rational B-orbits on H\G which give rise to a morphism into I(χ), for some unramified character χ, are those represented by elements ξ such that
One sees also that if an orbit Y satisfies this condition, then one can define a rational family S Since the latter space is not spherical, we need to revisit Knop's theory and recall the necessary facts regarding its extension to non-spherical varieties. The complexity of a variety Y with a B-action is defined as c(Y) = {max y∈Y codim(yB)}. Let X be a G-variety, not necessarily spherical. We have c(X) = 0 if and only if X is spherical. We let B 0 (X) denote the set of closed, irreducible, B-stable subsets with complexity equal to the complexity of X. Then Knop defines an action of the Weyl group W on B 0 -it leaves stable the subset B 00 of those B-stable subsets whose general B-orbit is of maximal rank. In the case of spherical varieties, this action coincides with the one that we discussed, and B 00 is in bijection with the set of B-orbits of maximal rank, hence the use of the same symbol to denote those. To see how the action is defined in the general case, one repeats the same steps, by letting P α act on the B-stable set Y ∈ B 0 , examining the image of a general stabilizer P y in Aut(B\P α ) ≃ PGL 2 and considering cases. Additionaly to the cases that we saw in the spherical case, one now has the case F\PGL 2 , where F is a finite subgroup. But in that case, there is only one closed, irreducible, B-stable subset of complexity equal to the complexity of F\PGL 2 (namely, the whole space F\PGL 2 itself), and the corresponding element of the Weyl group will be fixing it. Now let us return to our parabolically induced spherical variety. Let us consider inverse images of B-orbits under π. The set {π −1 Y|Y ∈ B 00 (H\G)} is precisely the set of closed, irreducible, B-stable subsets of H 0 \G whose generic B-orbit has maximal rank. Which of those belong to B 00 (H 0 \G)? One sees easily that, for Y a B-orbit on H\G, π −1 Y has complexity 1 (the complexity of The proof is similar to the case of Ψ = trivial and is omitted. For instance, let X = T\PGL 2 as in Example 4.6. Recall our description of its Jacquet module: We can have φ ∈ C ∞ c (X) whose image in the Jacquet module is non-zero, but is zero when restricted to k × . In fact, we can generate φ as follows: Choose a suitable φ 1 supported in a neighborhood of the divisor Z 1 , and apply the automorphism "w" to it (action of the non-trivial Weyl group element on the left). Let φ = φ 1 − w φ 1 . Since "w" is G-equivariant, we will have R(g)φ = R(g)φ 1 − w R(g)φ 1 , and therefore our description of the image of φ in the Jacquet module will hold for all its G-translates, as well. As a result, the support of φ is not generic.
Let K be a hyperspecial maximal compact subgroup of G. The following theorem gives an assertive answer to our question for K-invariant vectors. For what follows we will be denoting by S χ the B-equivariant functional into C Proof. The second statement, although it appears stronger, is actually equivalent. First, by our main theorem if S χ (φ) = 0 as a morphism into I(χ) (not as a functional) then S Y, * χ (φ) = 0 for every orbit Y of maximal rank. Moreover I(χ) contains a unique (up to scaling) non-zero K-invariant vector whose value at 1 is non-zero, so to say that the value of the functional S χ applied to φ is zero, for a K-invariant φ, is the same as saying that S χ (φ) = 0 as an element of I(χ). We may first integrate over the unipotent radical as in (12) to reduce the problem to ι(f ) ∈ C ∞ c ((YP α /U Pα )(k)), i.e. to a spherical variety of type T or N for L α . We need only examine the case T(k)\SL(k) = (T\SL)(k), with T split -take T = the torus of diagonal elements. (Indeed, recall that The Jacquet module of this variety has been described in Example 4.6; it can be identified with the space of smooth functions on k × ∪ {0 1 , 0 2 }, whose value as x → 0 stabilizes to the difference of the values at 0 1 and 0 2 . By assumption, the image φ U of φ in the Jacquet module is zero on k × , therefore it suffices to show that φ U (0 1 ) = φ U (0 2 ). By the Iwasawa decomposition, AU K = G, φ is determined by its values on the closed orbit Z 1 , and its integral over Z 1 (which is also a U -orbit) is equal to its integral over G. This will not change if we apply the "w"-automorphism, therefore φ U (0 1 ) = φ U (0 2 ).
This finishes the case where Y is contained in the open G-orbit.
6.1.3. Proof on smaller G-orbits. Let Y be a k-rational Borel orbit, belonging to a non-open G-orbit Z. Since Z itself is a spherical variety, it suffices by the proof of the previous case to assume that Y =Z (the open B-orbit in Z). Also, we may inductively assume that the theorem has been proven for all larger G-orbits containing Z in their closure. The point now is that the morphism associated to the smaller G-orbit is "picked up" by the morphism associated to a larger orbit after regularization of a pole: Let Z be the closure of a k-rational G-orbit and let V be as in Lemma 2.4.2 the closure of a (k-rational) B-orbit, containing Z as a divisor. Recall from Lemma 3.6.3 that there exists a natural homomorphism Γ V → Γ Z coming from a map between B-orbits. Let γ → γ ′ under this map; this means that the orbit Z γ ′ ⊂Z corresponding to γ ′ is the unique B-orbit in the Hausdorff closure of the orbit V γ ⊂V corresponding to γ. Let P (χ) = 1 − q −νZ χ vZ be the pole of S V χ associated to Z. 6.1.4. Lemma. The zero set Z(P ) of P coincides with Adm Z and for every χ ∈ Adm Z we have:
Proof. We know already that P (χ)S V χ will be a nonzero distribution which is supported on V V , so we just need to identify it. By Lemma 2.4.2, there exists a B-eigenfunction f which vanishes on every B-stable divisor in V but Z, hence its zero locus will be precisely the complement ofV ∪Z.
Clearly, for φ ∈ C (φ) for χ ∈ Z(P ). This proves already that Adm Z is the zero set of Z(P ), since their dimensions satisfy:
dim AdmZ = rk (X (Z)) = rk (X (V)) − 1 = dim Z(P ) (due to the fact that every B-eigenfunction on Z extends to V).
Applying Proposition 4.5.1, (2), with f as above and ψ denoting the weight of f , we have that for large m and χ ∈ Adm By the rationality of these distributions, we deduce that the claim is true for every χ ∈ Adm Z .
Remark. The statement is not true for Z any B-stable set; indeed recall the case of T\PGL 2 , where both closed orbits define the same valuation on k[X] (B) and renormalizing the intertwining operator ofX at its pole "picks up" a sum of the intertwining operators of the closed orbits.
To finish the proof of the theorem, we have by assumption (and by induction on the dimension) that S 
